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図形言語のような設計法

各レベルでの部品化

• Square-limit
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• Below, beside
• Transform-painter
• Draw-line
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本章で学ぶことは昔は世界トップの
Computer Science で修士論文でした．

Hans Olsson, Applications of automatic 
and symbolic differentiation in

14

and symbolic differentiation in 
numerical computations, Master's 
Thesis, June 1993,
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次の代数式の表現法

1.和
2.積

代数式のための構築子・選択子・述語の設計

1 構築子（constructor）

yx +
ax

述
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1.構築子（constructor）
(makemake--sumsum x y)
(makemake--productproduct x y)
2.選択子（selector）
(aaddddendend s)
(augendaugend s)
(multiplicantmultiplicant p)
(multipliermultiplier p)

3.述語（predicate）
(variable?variable? x)
(samesame--variable?variable?
x y)

(sum?sum? x)
(product?product? x)

::= は定義 |は代替

<expression> ::= <number> | <variable> | 
( <unary operator> <expression> ） | 
( < binary operator> < expression> <expression>） | 
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( bi a y ope ato exp essio exp essio ） |
( <expression> ) 

<unary operator> ::= + | - | <function>

<binary operator> ::= + | - | * | / | ^ | < | > | = | <= | >=

<function> ::= sin | cos | tan |  log | …

次の代数式の表現法 表現法１ 表現法２
1. 和 (+ x y)   (+ (x y))
2. 積 (* x y)   (* (x y))

代数式のための構築子・選択子の設計
1.構築子
(d fi ( kk )

yx +
xy
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(define (makemake--sumsum x y)
(list '+ x y))

(define (makemake--productproduct x y)
(list '* x y) )

2.選択子
(define (aaddddendend s) (cadr s))
(define (augendaugend s) (caddr s))
(define (multiplicantmultiplicant p) (cadr p))
(define (multipliermultiplier p) (caddr p))
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代数式のための構築子・選択子・述語の設計

3.述語

(define (variable?variable? x) (symbol? x))
(define (samesame--variable?variable? x y)

( d ( i bl ? ) ( ? ) )
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(and (variable? x) (eq? x y) )
(define (sum?sum? x) 
(and (pair? x) 

(eq? (car x) '+)) )
(define (product?product? x) 
(and (pair? x)

(eq? (car x) '*)) )

yx +
ax

次の代数式の表現法 表現法１ 表現法2
1. 和 (+ x y)     (+ (x y))
2. 積 (* x y)     (* (x y))

代数式のための構築子・選択子の設計
1.構築子
(define (makemake--sumsum x y) 
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(de e ( a ea e susu y)
(list '+ (list x y)) )

(define (makemake--productproduct x y)
(list '* (list x y)) )

2.選択子
(define (aaddddendend s) (caadr s))
(define (augendaugend s) (cadadr s))
(define (multiplicanmultiplicant p) (caadr p))
(define (multipliermultiplier p) (cadadr p))

yx +
ax

次の代数式の表現法 表現法１ 表現法2
1. 和 (+ x y)     (+ (x y))
2. 積 (* x y)     (* (x y))

代数式のための構築子・選択子の設計
1.構築子
(define (make-sum x y) 
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(de e ( a e su y)
(list '+ (list x y)) )

(define (make-product x y)
(list '* (list x y)) )

2.選択子
(define (addend s) (caadr s))
(define (augend s) (cadadr s))
(define (multiplicant p) (caadr p))
(define (multiplier p) (cadadr p))
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(define (deriv exp var)
(cond ((number? exp) 0)

((variable? exp)
(if (same-variable? exp var) 1 0) )

((sum? exp)
(make-sum (deriv (addend exp) var)

(deriv (augend exp) var)) )
((product? exp)
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)( (make-sum
(make-product (multiplier exp)

(deriv (multiplicand exp)
var ))

(make-product (deriv (multiplier exp)
var )

(multiplicand exp) )))
(else
(error "unknown expression type –

DERIV" exp ))))

1. (deriv '(+ x y) 'x)
(+ 1 0) 1

2. (deriv '(* x y) 'x)
(+ (* y 1) (* 0 x)) y
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3. (deriv '(+ (* x y) (* 3 x)) 'x)
(+ (+ (* y 1) (* 0 x)) 

(+ (* x 0) (* 1 3)))
y+3

何かおかしい

簡略化を忘れている。

どの時点で簡略化をすればよいかどの時点で簡略化をすればよいか..

(define (makemake--sumsum a1 a2)
(cond ((=number? a1 0) a2)

((=number? a2 0) a1)
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(( ) )
((and (number? a1) (number? a2))
(+ a1 a2))
(else (list '+ a1 a2)) ))

(define (=number?=number? exp num)
(and (number? exp) (= exp num)) )
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(define (makemake--productproduct m1 m2)
(cond ((or (=number? m1 0) 

(=number? m2 0) )
0 )
((=number? m1 1) m2)
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((=number? m2 1) m1)
((and (number? m1) (number? m2))
(* m1 m2))
(else (list '* m1 m2)) ))

1. (deriv '(+ x y) 'x)
1

2. (deriv '(* x y) 'x)
y

31

3. (deriv '(+ (* x y) (* 3 x)) 'x)
(+ y 3)

今度は

簡略化成功

1.差、商に拡張
(deriv '(- x y) 'x)
(deriv '(/ 3 x) 'x)

2.冪乗に拡張
(d i '(** 3) ' )
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(deriv '(** x 3) 'x)
3.2項演算子を多項演算子に拡張

(deriv '(+ (* 3 x) y (* x y)) 'x)
(deriv '(* x y (+ x 3)) 'x)

4.任意の関数が自由に付加できる微分システム
2.5.3 Data-Directed Programming and 
Additivity
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(define (derivderiv exp var)
(cond ((number? exp) 0)

((variable? exp)
(if (same-variable? exp var) 1 0) )

((sum? exp)
(make-sum (deriv (addend exp) var)

(deriv (augend exp) var)) )
((product? exp)
(make-sum

(make-product (multiplier exp)
(deriv (multiplicand exp)

var ))
(make-product (deriv (multiplier exp)

var )
(multiplicand exp) )))

(ここに微分ルールを追加）
(else
(error "unknown expression type – DERIV" 

exp ))))
33

1.差は (* -1 <exp>) で表現
(- x y)    (+ x (* -1 y))

2.商は(/ <exp1> <exp2>) で表現
(define (makemake--divisiondivision d1 d2)

(cond ((=number? d1 0) 0)
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((=number? d2 1) d1)
((and (number? d1) (number? d2))
(/ d1 d2))
(else (list '/ d1 d2)) ))

(define (divident d) (cadr d))
(define (divisor d) (caddr d))
(define (division? x)

(and (pair? x) (eq? (car x) '/)) )

((division? exp)
(make-sum
(make-product 

(make-division
(make-product 

(make-product -1

dx
du

vdx
dv

v
u

v
u

dx
d 1

2 +−=

35

(make product 1 
(divident exp) )

(deriv (divisor exp) var) )
(make-product 

(divisor exp) 
(divisor exp) )))

(make-product
(make-division 1 (divisor exp))
(deriv (divident exp) x) )))



8

冪乗は (** <base> <exponent>) で表現

(define (makemake--exponentiationexponentiation b e)
(cond ((=number? e 0) 1)

((=number? e 1) b)
((=number? b 1) 1)
((and (number? b) (number? e)) 
(** b e) )
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(** b e) )
(else (list '** b e)) ))

(define (basebase x) (cadr x))

(define (exponentexponent x) (caddr x))

(define (exponentiation?(exponentiation? x)
(and (pair? x) (eq? (car x) '**)) )

((exponentiation? exp)
(make-product
(make-product 

(exponent exp)
(deriv (base exp) var) )

dx
dbebb

dx
d ee 1−=
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(make-exponentiation 
(base exp) 
(make-sum (exponent exp) -1) )))

関数は (<func> <args>) で表現

((sin? exp)
(make-product 

(make-function dx
duuu

dx
d )cos()sin( =

38

(
'cos
(argument exp) )

(deriv (argument exp) var) ))

(define (make-function func . args)
(cons func args) )

dxdx
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1.差、商に拡張
(deriv '(- x y) 'x)
(deriv '(/ 3 x) 'x)

2.冪乗に拡張
(d i '(** 3) ' )

39

(deriv '(** x 3) 'x)
3.2項演算子を多項演算子に拡張

(deriv '(+ (* 3 x) y (* x y)) 'x)
(deriv '(* x y (+ x 3)) 'x)

4. 2項演算子を多項演算子に拡張
augend, multiplierの定義を変更するだけで
(deriv '(+ x (* x y) (** x 3)) 'x)
に対応できる。
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5. 多項式の整理
• 多項式を降冪あるいは昇冪の順に整列
• 多項式を簡略化により整理
2.5.3 記号代数（Symbolic Algebra）

6. 任意の関数が自由に付加できる微分システム
2.5.3 Data-Directed Programming and Additivity
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自然数の集合を定義してみよう

1. {0, 1, 2, 3, …}  
外延的記法外延的記法（extensional notation）

2. S = {n|0, n+1 if n S}

42

2. S  {n|0, n+1 if n S}
内延的記法内延的記法（intentional notation）

外延的記法での課題

次の定義のどちらがよいか？

1. {0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, … }
2. {0, 10, 20, 30, 2, 12, 22, 24, 4, 14, 24, … }

集合の手続き
1. union-set S∪T
2. intersection-set S∩T
3. element-of-set? e∈T
4. adjoin-set ｛e｝∪S
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集合の表現法の実装（implementation）

1.1. 順序なし表現順序なし表現（unordered list ）
{30, 0, 20, 10, 22, 2, 12, 24, 34, … }
(30 0 20 10 22 2 12 24 34  … )

2.2. 順序付き表現順序付き表現（ordered list ）
{0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, … }
(0 2 4 6 8 10 12 14 16 18 … )

(define (elementelement--ofof--set?set? x set)
(cond ((null? set) false)

((equal? x (car set)) true)
(else (element-of-set? x (cdr set)) ))

(define (adjoinadjoin--setset x set)
(if (element of set? x set)

44

(if (element-of-set? x set)
set
(cons x set) )))

(define (unionunion--setset s1 s2)
(cond ((null? s1) s2)

((element-of-set? (car s1) s2)
(union-set (cdr s1) s2) )
(else (cons (car s1)

(union-set (cdr s1) s2) ))))
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(define (unionunion--setset s1 s2)
(cond ((null? s1) s2)

((element-of-set? (car s1) s2)
(union-set (cdr s1) s2) )
(else (cons (car s1)

(union-set (cdr s1) s2) )

45

)))

(define (unionunion--setset s1 s2)
(cond ((null? s1) s2)

((element-of-set? (car s1) s2)
(union-set (cdr s1) s2) )
(else (union-set (cdr s1)

(cons (car s1) s2)) ))))

(union-set ‘(1 2 1) ‘(a b c))の結果は？

(define (intersectionintersection--setset s1 s2)
(cond ((or (null? s1) (null? s2)) ())

((element-of-set? (car s1) s2)
(cons (car s1)
(intersection-set 
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(cdr s1) s2 )))
(else (intersection-set

(cdr s1) s2 ))))

(define (elementelement--ofof--set?set? x set)
(cond ((null? set) false)

((equal? x (car set)) true)
(else (element-of-set? x (cdr set)) ))

(define (adjoinadjoin--setset x set)
(if (element of set? x set)

Θ（n）

Θ（n）
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(if (element-of-set? x set)
set
(cons x set) )))

(define (unionunion--setset s1 s2)
(cond ((null? s1) s2)

((element-of-set? (car s1) s2)
(union-set (cdr s1) s2) )
(else (cons (car s1)

(union-set (cdr s1) s2) ))))

#s1=n
#s2=m
Θ（mn）
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(define (intersectionintersection--setset s1 s2)
(cond ((or (null? s1) (null? s2)) ())

((element-of-set? (car s1) s2)
(cons (car s1)
(intersection-set 

(cdr s1) s2 )))
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(cdr s1) s2 )))
(else (intersection-set

(cdr s1) s2 ))))

計算のオーダは #s1=m1, #s2=m2 とすると、

Θ（n2） n=max{m1,m2} （m1*m2 のオーダ）

(define (elementelement--ofof--set?set? x set)
(cond ((null? set) false)

((= x (car set)) true)
((< x (car set)) false)
(else (element-of-set? x (cdr set)) ))

Θ（n） 平均的には n/2

49

Θ（n） 平均的には n/2
(define (adjoinadjoin--setset x set)
(cond ((null? set) (list x))

((= x (car set)) set)
((< x (car set)) (cons x set))
(else (cons (car set) 

(adjoin-set x (cdr set))
))))

Θ（n） 平均的には n/2

(define (unionunion--setset s1 s2)
(if (null? s1)

s2
(let ((x1 (car s1)) (x2 (car s2)))

(cond ((= x1 x2) 
(cons x1 

(union-set (cdr s1) (cdr s2))) )
((< x1 x2)
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(cons x1 (union-set (cdr s1) s2)) )
(else
(cons x2 

(union-set s1 (cdr s2)) 
)))))))

計算のオーダは #s1=m1, #s2=m2 とすると、

Θ（n） n=max{m1,m2}（m1+m2 のオーダ）
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(define (intersectionintersection--setset s1 s2)
(if (or (null? s1) (null? s2)) 

()
(let ((x1 (car s1)) (x2 (car s2)))
(cond ((= x1 x2)

(cons x1 
(intersection-set (cdr s1) (cdr s2)) )

((< x1 x2)
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(intersection-set (cdr s1) s2) )
(else
(intersection-set s1 (cdr s2)) )))))

計算のオーダは #s1=m', #s2=m とすると、

Θ（n） n=max{m1,m2} （m+nのオーダ）

リスト構造（木）で集合を表現
設計方針
• 順序付きリストのように制御してしないと,木の

高さをhとすると、Θ（h2）の計算量がかかる

• 左部分木のエントリ はノ ドのそれより大きく

52

• 左部分木のエントリーはノードのそれより大きく
ない

• 右部分木のエントリーはノードのそれより大き
い

ノードの表現法
• 次のリストでノードを表現

（エントリー 左部分木 右部分木）

エントリー

(define (entryentry tree) (car tree))
(define (leftleft--branchbranch tree) (cadr tree))
(define (rightright--branchbranch tree) 

(caddr tree))

(define (makemake--treetree entry left right)

53

(define (makemake treetree entry left right)
(list entry left right) )

エントリー
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集合{1, 2, 3, 4, 5, 6} の二進木表現

3 3

2

4

5

54

1

2

4

5

6 1

2 4

5

6

1

2

3

5

6

(define (elementelement--ofof--set?set? x set)
(cond ((null? set) false)

((= x (entry set)) true)
((< x (entry set))
(element-of-set? x (left-branch set)) )

(else 
(element-of-set? x (right-branch set)) )))
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(define (adjoinadjoin--setset x set)
(cond ((null? set) (make-tree x () ()))

((= x (entry set)) set)
((< x (entry set))
(make-tree (entry set)

(adjoin-set x (left-branch set))
(right-branch set) ))

(else
(make-tree (entry set)

(left-branch set)
(adjoin-set x (right-branch set)) ))))

3,2,1,5,4,6

3

2

3

2

4

5

4,2,1,5,6,33,4,2,5,6,1
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1

2

4

5

6 1

2 4

5

6

1

2

3

5

6
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1

2

3

1,2,3,4,5,66,5,4,3,2,1 6

5

4

57

3

4

5

6

4

3

2

1

(define (treetree-->list>list--11 tree)
(if (null? tree)

()
(append (tree->list-1 (left-branch tree))

(cons (entry tree)
(tree->list-1 (right-branch tree))))))

(define (treetree-->list>list--22 tree)
(d fi ( li l li )
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(define (copy-to-list tree result-list)
(if (null? tree)

result-list
(copy-to-list (left-branch tree)

(cons (entry tree)
(copy-to-list (right-branch  tree)

result-list )))))
(copy-to-list tree ‘()) )

両者の違いは？
前順走査・間順走査・後順走査（第2回）

Treeからlistへの変換法2種

(define (tree->list-1 tree)
(if (null? tree)

()
(append (tree->list-1 (left-branch tree))

(cons (entry tree)
(tree->list-1 (right-branch tree))))))

(define (tree->list-2 tree)
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(define (tree >list 2 tree)
(define (copy-to-list tree result-list)
(if (null? tree)

result-list
(copy-to-list (left-branch tree)

(cons (entry tree)
(copy-to-list (right-branch  tree)

result-list ))))))

両者の違いは？
前順走査・間順走査・後順走査（第2回）
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(define (listlist-->tree>tree elements)
(car (partial-tree elements (length elements))) )

(define (partialpartial--treetree elts n)
(if (= n 0)

(cons () elts)
(let ((left-size (quotient (- n 1) 2)))

(let ((left-result (partial-tree elts left-size)))
(let ((left-tree (car left-result))

60

(non-left-elts (cdr left-result))
(right-size (- n (+ left-size 1))) )

(let ((this-entry (car non-left-elts))
(right-result (partial-tree 

(cdr non-left-elts)
right-size )))

(let ((right-tree (car right-result))
(remaining-elts (cdr right-result)) )

(cons (make-tree this-entry 
left-tree 
right-tree )

remaining-elts ))))))))

(define (listlist-->tree>tree elements)
(car (partial-tree elements (length elements))) )

(define (partialpartial--treetree elts n)
(if (= n 0)

(cons () elts)
(let* ((left-size (quotient (- n 1) 2))

(left-result (partial-tree elts left-size))
(left-tree (car left-result))
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(left tree (car left result))
(non-left-elts (cdr left-result))
(right-size (- n (+ left-size 1)))
(this-entry (car non-left-elts))
(right-result 

(partial-tree (cdr non-left-elts)
right-size )))

(right-tree (car right-result))
(remaining-elts (cdr right-result)) )

(cons 
(make-tree this-entry left-tree right-tree)
remaining-elts ))))

(define (lookuplookup given-key set-of-records)
(cond ((null? set-of-records) false)

((equal? given-key (key (car set-of-records)))
(car  set-of-records) )

(else (lookup given-key (cdr set-of-records)))
))

連想リスト（連想リスト（aa--list associative listlist associative list））

62

連想リスト（連想リスト（aa--list, associative listlist, associative list））
（（<属性> ．<値のリスト>）

（<attribute> ．<value-list>）
… ）

(define (assocassoc given-key set-of-records)
(cond ((null? set-of-records) false)

((equal? given-key (caar set-of-records))
(cdar set-of-records) )

(else (lookup given-key (cdr set-of-records)))
))
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(define (lookuplookup given-key set-of-records)
(cond ((null? set-of-records) false)

((equal? given-key (key (car set-of-records)))
(car  set-of-records) )

(else (lookup given-key (cdr set-of-records)))))
(define population 
'((China 1285.0 660.5 624.5)
(India 1025 1 528 5 496 6) 連想リスト（連想リスト（aa--listlist

63

(India 1025.1 528.5 496.6)
(USA    285.9 141.0 144.9)
(Indonesia 214.8 107.8 107.1)
(Brazil 172.6 85.2 87.4)
(Pakistan 145.0 74.5 70.5)
(Russia   144.7 67.7 77.0)
(Bangradesh 140.4 72.3 68.0)
(Japan    127.1 62.2 65.0)
(Nigeria  116.9 59.0 58.0)
(Mexico   100.4 49.6 50.7) ))

(lookup 'Japan population)
(assoc 'Japan population) = (cdr (lookup 'Japan population)

連想リスト（連想リスト（aa--list, list, 
associative listassociative list））

（（<属性> ．<値のリスト>）
（<attribute> ．<value-list>）

…
）

1. 数

1. 昇順（increasing order, ascending order） ＜

2. 降順（decreasing order, descending order） ＞

2. 辞書式順序（lexicographical order）

64

1.(string=? “PIE” “pie”)  
2.(string-ci=? “PIE” “pie”)
3.string<?, string<=?, …
4.char=?, char-ci=?, char>?, char>=?, …

3. alphanumeric order

宿題は、次の計3問：

Ex.2.57, 2.59, 2.60

66
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2
3
4
5
6
7
8
9

10
11

3

5

7

9

11

5

7

11

2 3 5

68

(                                             )4 9 25

共通点を見る４つの基本手続き

数え上げ（enumerate）

フィルタ（filter）
写像（map）

集約（accumulate）

1≤ｊ<i≤n なる異なる正の整数 i,j に対して、i+jが
素数となるものをすべて求める
n=6のとき

i 2 3 4 4 5 6 6
j 1 2 1 3 2 1 5

69

i+j 3 5 5 7 7 7 11

enumerate
: interval

filter:

prime-
sum?

map:

make-pair-
sum

accumulat
e:

append 

map
:

integ
er

enum
erate

: 
interv

al
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(accumulate 
append
nil
(map 
(lambda (i)
(map 

70

(lambda (j) (list i j))
(enumerate-interval

1 (- i 1) )))
(enumerate-interval 1 n) ))

この呼び出しパターンを手続きとして定義

(define (flatmap proc seq)
(accumulate append nil (map proc seq)) )

(define (prime-sum? pair)
(prime? (+ (car pair) (cadr pair)) )

(define (make-pair-sum pair)
(list (car pair) (cadr pair) 

(+ (car pair) (cadr pair)) ))
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(define (prime-sum-pairs n)
(map make-pair-sum

(filter prime-sum?
(flatmap

(lambda (i)
(map (lambda (j) (list i j))

(enumerate-interval
1 (- i 1) )))

(enumerate-interval 1 n) ))))

8-queens 
puzzle

変種：すべ

72

女王は将棋の飛車角行

お互いに取り合わないように配置

ての盤面を
カバーする
最小の女
王の数は
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(define (permutation s)
(if (null? s)

(list nil)
(flatmap (lambda (x)

(map (lambda (p) (cons x p))
(permutation (remove x s)) ))

s )))
(define (remove item sequence)

(filter (lambda (x) (not (= x item))) sequence) )

n-queens

73

(filter (lambda (x) (not (= x item))) sequence) )
(define (safe? k positions)

(null? 
(filter 

(lambda (x) 
(not (or (= (cadr k) (cadr x))

(= (+ (car k) (cadr k)) 
(+ (car x) (cadr x)) )

(= (- (car k) (cadr k)) 
(- (car x) (cadr x)) ))))

positions )))
(define (adjoin-position new k rest-of-q)

(filter (lambda (x) (not (= x item))) sequence) )

(define (queens n)
(define (queen-cols k)
(if (= k 0)

(list empty-board)
(filter

(lambda (positions)
(safe? k positions) )

n-queens
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( p ) )
(flatmap
(lambda (rest-of-q)

(map (lambda (new-row)
(adjoin-position new-row

k rest-of-q ))
(enumerate-interval 1 n) ))

(queens-cols (- k 1)) ))))
(queens-cols board-size) )

宿題は、次の計3問：

Ex.2.57, 2.59, 2.60
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