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transform-painter
2.3 Symbolic Data
2.3.2 Symbolic Differentiation
2.3.3 Representing Sets -
2.4 Multiple Representations for
Abstract Data
2.4.1 Representations for
Complex Numbers

MR wN

o

£ 2.3 Symbolic Differentiation

ARETEAZELIEFIHANYTD
Computer Science TIEL#HX TLT=.

Hans Olsson, Applications of automatic
and symbolic differentiation in
numerical computations, Master's
Thesis, June 1993,

B soseasmimzs

dc
o
dx
i
du+v)

dx
n dW) _
dx

] c MEHM XN DEH




B cstonmeszcia,

RRDRBADERRE
1.50 X+Yy
2.5 ax

e HX DO DEBETF - BIRNF-REFOKE
1.#8F (constructor) 5 hEE (predicate)
(make-sum x y) (variable? x)
(make-product x y) (game-variable?
2 . R F (selector) X y)
(addend s) (sum? x)
(augend s) (product? x)
(multiplicant p)
(multiplier p)

T RMOMX

<expression> ::= <number> | <variable> |
( <unary operator> <expression> ) |
( < binary operator> < expression> <expression>) |
( <expression> )

<unary operator> ::= + | - | <function>
<binary operator> :=+ |- | ¥ | /| " | <[> ]| =] <= >=

<function> ::= sin | cos | tan | log]| -*-

R y—

BRORBAOREEZ REE1 ®H*E2
15 x+y  (Fxy)  (+ (xy)
2. & Xy (* x y) (* (xy))

eREX OO DEEF - RIRFOHRE
1.18EF

(define (make-sum x y)

(list '+ x y))
(define (make-product x y)

(list '* x y) )
2. 8IRF
(define (addend s) (cadr s))
(define (augend s) (caddr s))
(define (multiplicant p) (cadr p))
define (multiplier caddr




B cusxnmoxs @)

R BX DO DEETF - BIRF-BEEDOHE
3.iREE
(define (variable? x) (symbol? x))
(define (same-variable? x y)
(and (variable? x) (eqg? x y) )
(define (sum? x)
(and (pair? x)
(eg? (car x) '+)) )
(define (product? x)
(and (pair? x)
(eg? (car x) '¥*)) )

B cuzonmsosgmsar

BRORBADOERRE  REHK1 REK2
L3 x+y (+ x y) (+ (x y))
2. 78 ax (* x y) (* (xy))

KB DO DEETF - BINFDRET
1.BEF

(define (make-sum x y)

(list '+ (list x y)) )
(define (make-product x y)

(list '* (list x y)) )

2. BRF

(define (addend s) (caadr s))
(define (augend s) (cadadr s))
(define (multiplicant p) (caadr p))
(define (multiplier p) (cadadr p))

B cuzonmsosgmsar

BRDRUKDREE REE1 RILE2

1. %0 X+ (+ x y) (+ (xy))
2. 1& ax y (* x y) (* (x y))

KB DO DEETF - BINFDRET
1.EBEF

(list '+ (list x y)) )
(define (make-product x y)
(list '* (list x y)) )
2. BIRF

(define (addend s) (caadr s))
(define (augend s) (cadadr s))
(define (multiplicant p) (caadr p))
(define (multiplier p) (cadadr p))




B cumssmesesicdesn

(define (deriv exp var)
(cond ((number? exp) 0)
((variable? exp)

E= (if (same-variable? exp var) 1 0) )
dx ((sum? exp)
dx (make-sum (deriv (addend exp) var)

(deriv (augend exp) var)) )

dx ((product? exp)
d(u+v):d7u+ﬂ (make-sum
dx dx dx (make-product (multiplier exp)
d(uv) dv  du (deriv (multiplicand exp)
=U—+V—
dx o dx var ))

(make-product (deriv (multiplier exp)
var )
(multiplicand exp) )))
(else
(error "unknown expression type -
DERIV" exp ))))

B cutons ezomEs
1. (deriv '(+ x y) 'x)

+10)
2. (deriv '(* x y) 'x)
+Cy (*0x)
3. (deriv "(+ (* x y) (* 3 x)) 'x)
+EHCEyYyD (*F0x)
(+ (*x0)(*13)))
y+3
farmEMLLY

fERtEEh TS,

B soumomsitzol)
s FOBATHEIEZTNIEEAD.

(define (make-sum al a2)
(cond ((=number? al 0) a2)
( (=number? a2 0) al)
((and (number? al) (number? a2))
(+ al a2))
(else (list '+ al a2)) ))

(define (=number? exp num)
(and (number? exp) (= exp num)) )




B ssunompic o)

(define (make-product ml m2)
(cond ((or (=number? ml 0)
(=number? m2 0) )

0)
( (=number? ml 1) m2)
( (=number? m2 1) ml)
((and (number? ml) (number? m2))
(* ml m2))
(else (list '* ml m2)) ))

B »ssmommicokn

1. (deriv '(+ x y) 'x)
1
2. (deriv '(* x y) 'x)
y
3. (deriv "(+ (* x y) (* 3 x)) 'x)
(+vy3)
SER
i5)::2(Ap22)]

B memicstdams s
1. & BICHEER

(deriv '(- x y) 'x)
(deriv '(/ 3 x) 'x)

2. MEICHR
(deriv '(** x 3) 'x)

3. 2l ERFE R HERFICHR
(deriv "(+ (* 3 x) yv (* xy)) 'x)
(deriv '"(* x y (+ x 3)) 'x)

4. FEOEBABERICHMTEIMD VAT L
2.5.3 Data-Directed Programming and
Additivity




B msasoms:

(define (deriv exp var)
(cond ((number? exp) 0)
((variable? exp)
(if (same-variable? exp var) 1 0) )
((sum? exp)
(make-sum (deriv (addend exp) var)
(deriv (augend exp) var)) )
( (product? exp)
(make-sum
(make-product (multiplier exp)
(deriv (multiplicand exp)
var ))
(make-product (deriv (multiplier exp)
var )

multiplicand exp) )))
(SCI=#IL—IL%E:BIN)

(else
(error "unknown expression type - DERIV"
exp ))))

T Y

1.2 (* -1 <exp>) TEH
(- xy) (+x (* -1y))
2. @l& (/ <expl> <exp2>) THRIR
(define (make-division dl d2)
(cond ((=number? d1 0) O0)
( (=number? d2 1) dl)
((and (number? dl) (number? d2))
(/ d1 d2))
(else (list '/ d1 d2)) ))

(define (divident d) (cadr d))
(define (divisor d) (caddr d))
(define (division? x)
(and (pair? x) (eq? (car x) '/)) .)

B wicstsamsn—isam

((division? exp) du__udv 1du
(make-sum dxv  vidx vadx
(make-product
(make-division
(make-product
(make-product -1
(divident exp) )
(deriv (divisor exp) var) )
(make-product
(divisor exp)
(divisor exp) )))
(make-product
(make-division 1 (divisor exp))
(deriv (divident exp) x) )))




T y—

EEIT (** <base> <exponent>) TRE

(define (make-exponentiation b e)
(cond ((=number? e 0) 1)
( (=number? e 1) b)
((=number? b 1) 1)
((and (number? b) (number? e))
(** b e) )
(else (list '** b e)) ))

(define (base x) (cadr x))
(define (exponent x) (caddr x))

(define (exponentiation? x)
(and (pair? x) (eq? (car x) '**)) )

T

d

( (exponentiation? exp) ___bezzeb&ifﬂz
(make-product dx dx
(make-product
(exponent exp)
(deriv (base exp) var) )
(make-exponentiation
(base exp)
(make-sum (exponent exp) -1) )))

D S ARMICHTIMS NIV EEN
Bl (<func> <args>) TERBE

((sin? exp)

d . du
(make-product —SIFI(U) = COS(U) f
(make-function dx d
'cos

(argument exp) )
(deriv (argument exp) var) ))

(define (make-function func . args)
(cons func args) )




B ==as0msE (1)

1.

2.

3. 2 REFASIEBEEFICHR
(deriv "(+ (* 3 x) yv (* xy)) 'x)
(deriv "(* x y (+ x 3)) 'x)

B e=nsonme)

4. 2HERFESHRERAFICHR
augend, multiplierDEBEERTHIEITT
(deriv '"(+ x (* x y) (** x 3)) 'x)

[SX IS TED,

5. ZIEADERE
- ZIEXZREHIVIREDIRICES
- ZIAXEFWBBIEICKYER
253 SR, (Symbolic Algebra)

6. ERDEHABHICHMTEIMEI AT L

2.5.3 Data-Directed Programming and Additivity

12A16H - A B O*=1-§

1. S EROMRE
transform-painter
Stratified design (R @& :

2.3 Symbolic Data ——

2.3.2 Symbolic Differentiation

2.3.3 Representing Sets

Sequence D &

unhWN




B xaceyozs

B BERAMOREZERLTHELS

1. {0,123, ...}
5V JERYER % (extensional notation)

2. S={n|0, n+1if n €S}
PR EERIED 3% (intentional notation)

B SNEMFRETORRE
ROEZEDEELMNELD?

1. {0,2,4,6,8,10, 12, 14, 16, 18, 20, ... }

2. {0, 10, 20, 30, 2,12,22,24,4,14,24, ... }

B %2 Gsehormeress

B £SE5OFHmE
1. union-set SUT
2. intersection-set SNT
3. element-of-set? eEeT
4. adjoin-set {elUs
B REORBEDEE (implementation)
1. IEFALERE (unordered list)
{30, 0, 20, 10, 22, 2, 12, 24, 34, ... }
(30 0 20 10 22 2 12 24 34 ..)
2. IEF{tEFRB (ordered list)
{0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, ... }
(0246 8 10 12 14 16 18 .. )

E & A (set) DUnordered List® 5

(define (element-of-set? x set)
(cond ((null? set) false)
((equal? x (car set)) true)
(else (element-of-set? x (cdr set)) ))

(define (adjoin-set x set)
(if (element-of-set? x set)
set
(cons x set) )))

(define (union-set sl s2)
(cond ((null? sl) s2)
((element-of-set? (car sl) s2)
(union-set (cdr sl) s2) )
(else (cons (car sl)
(union-set (cdr sl) s2) ))))

10



union-set O & D&M

(define (union-set sl s2)
(cond ((null? sl) s2)
((element-of-set? (car sl) s2)
(union-set (cdr sl) s2) )
(else (cons (car sl)
(union-set (cdr sl) s2) )

)))

(define (union-set sl s2)
(cond ((null? sl) s2)
((element-of-set? (car sl) s2)
(union-set (cdr sl) s2) )
(else (union-set (cdr sl)
(cons (car sl) s2)) ))))

(union-set ‘(1 2 1) ‘(a b c)) DIERIE?

E £ & Dunordered list& 3 (#)

(define (intersection-set sl s2)
(cond ((or (null? sl) (null? s2)) ())
((element-of-set? (car sl) s2)
(cons (car sl)
(intersection-set
(cdr sl) s2 )))
(else (intersection-set
(cdr sl1l) s2 ))))

E REFHMEOHNE (#set=n)

(define (element-of-set? x set)
(cond ((null? set) false) @(n)
((equal? x (car set)) true)
(else (element-of-set? x (cdr set)) ))

(define (adjoin-set x set)
(if (element-of-set? x set) ®(n)
set
(cons x set) ))) #sl=n
#s2=m

(define (union-set sl s2)

(cond ((null? sl) s2) ®@(mn)
((element-of-set? (car sl) s2)
(union-set (cdr sl) s2) )

(else (cons (car sl)
(union-set (cdr sl) s2) ))))

11



E intersection-setO# ¥ &

(define (intersection-set sl s2)
(cond ((or (null? sl) (null? s2)) ())
((element-of-set? (car sl) s2)

(cons (car sl)
(intersection-set
(cdr sl) s2 )))
(else (intersection-set
(cdr sl1l) s2 ))))

HEOF—FIE #s1=m1, #s2=m2 &F B&.

@(n?) n=max{ml,m2} (mi*m2 O#A—4%)

E £ A (set) DOrdered List& B

(define (element-of-set? x set)
(cond ((null? set) false)
((= x (car set)) true)
((< x (car set)) false)
(else (element-of-set? x (cdr set)) ))

O(n) FHMIZIX n/2

(define (adjoin-set x set)
(cond ((null? set) (list x))
((= x (car set)) set)
((< x (car set)) (cons x set))
(else (cons (car set)
(adjoin-set x (cdr set))

))))
O(n) FHMIZIX n2

E £ A (set) DOrdered List& B

(define (union-set sl s2)
(if (null? sl)
s2
(let ((x1 (car sl)) (x2 (car s2)))
(cond ((= x1 x2)
(cons x1
(union-set (cdr sl) (cdr s2))) )
((< x1 x2)
(cons x1 (union-set (cdr sl) s2)) )
(else
(cons x2
(union-set sl (cdr s2))

)))))))
FEOA—FE #s1=ml, #s2=m2 &3 B<&.
@(n) n=max{m1,m2}(ml+m2 OA—%)




|E £ & Dunordered list& 3 (#)

(define (intersection-set sl s2)
(if (or (null? sl) (null? s2))
()

(let ((%x1 (car sl)) (x2 (car s2)))
(cond ((= x1 x2)
(cons x1
(intersection-set (cdr sl) (cdr s2)) )
((< x1 x2)

(intersection-set (cdr sl) s2) )
(else
(intersection-set sl (cdr s2)) )))))

HEDOA—FE #s1=m", #s2=m &F B &,
@(n) n=max{m1,m2} (m+nDF—4)

E AN XK (binary tree) ®H

BYRMEE (K) THREEZERR
mERET A&t
o JBFFHZEYRMDLSIZHIBEILTLELE, KD
BexhETBE. o) DETEENHMD
. F%Bﬁ?ka)lyw—(i/—lfw%mwx%(
A
cEHBARDIVN)—IF/—FDEFNLYKE
Ly

. B
« ROYRAFTC/—FERE @ %

(ZVM)— EBHKR HEHFAK)

E =K (binary tree) BB R

(define (entry tree) (car tree))
(define (left-branch tree) (cadr tree))
(define (right-branch tree)

(caddr tree))

(define (make-tree entry left right)

(list entry left right) )

13



B —ernmmoms
&{1, 2, 3, 4, 5, 6} 0)::&*5}3

A\ /\ A
//\/ \/\\

\

E £ & (set) Dbinary tree® R

(define (element-of-set? x set)
(cond ((null? set) false)
((= x (entry set)) true)
((< x (entry set))
(element-of-set? x (left-branch set)) )
(else
(element-of-set? x (right-branch set)) )))

(define (adjoin-set x set)
(cond ((null? set) (make-tree x () ()))
((= x (entry set)) set)
((< x (entry set))
(make-tree (entry set)
(adjoin-set x (left-branch set))
(right-branch set) ))
(else
(make-tree (entry set)
(left-branch set)
(adjoin-set x (right-branch set)) ))))

E adjoin-set DOE#

AN N
WAYARWARN
\

6

14



|E adjoin-set OEWZE

6,5,4,3,2,1 6 1 1,2,3,4,5,6

AN
1S

E balanced binary tree®H

(define (tree->list-1 tree)
(if (null? tree)
0
(append (tree->list-1 (left-branch tree))
(cons (entry tree)
(tree->list-1 (right-branch tree))))))

(define (tree->list-2 tree)
(define (copy-to-list tree result-list)
(if (null? tree)
result-list
(copy-to-list (left-branch tree)
(cons (entry tree)
(copy-to-list (right-branch tree)
result-list )))))
(copy-to-list tree ‘()) )

mEDEWNK?
AEEE -BIEEE-RIBEEE (FE2ME)

|E TreeD olist~DEHE2FE

(define (tree->list-1 tree)
(if (null? tree)
0
(append (tree->list-1 (left-branch tree))
(cons (entry tree)
(tree->list-1 (right-branch tree))))))

(define (tree->list-2 tree)

(define (copy-to-list tree result-list)
(if (null? tree)
result-list

(copy-to-list (left-branch tree)

(cons (entry tree)
(copy-to-list (right-branch tree)
result-list ))))))

mMEDEWNE?
FEEE -BIEEE-RIEEE (F2ME)

15



E balanced binary tree®& 3

(define (list->tree elements)
(car (partial-tree elements (length elements))) )

(define (partial-tree elts n)

(if (= n 0)
(cons () elts)
(let ((left-size (quotient (- n 1) 2)))

(let ((left-result (partial-tree elts left-size)))
(let ((left-tree (car left-result))
(non-left-elts (cdr left-result)
(right-size (- n (+ left-size 1))) )
(let ((this-entry (car non-left-elts))
(right-result (partial-tree
(cdr non-left-elts)
right-size )))
(let ((right-tree (car right-result))
(remaining-elts (cdr right-result)) )
(cons (make-tree this-entry
left-tree
right-tree )
remaining-elts ))))))))

balanced binary tree®& 3 (21)

(define (list->tree elements)
(car (partial-tree elements (length elements))) )

(define (partial-tree elts n)
(if (=n 0)
(cons () elts)
(let* ((left-size (quotient (- n 1) 2))
(left-result (partial-tree elts left-size))
(left-tree (car left-result))
(non-left-elts (cdr left-result))
(right-size (- n (+ left-size 1)))
(this-entry (car non-left-elts))
(right-result
(partial-tree (cdr non-left-elts)
right-size )))
(right-tree (car right-result))
(remaining-elts (cdr right-result)) )
(cons
(make-tree this-entry left-tree right-tree)
remaining-elts ))))

E Sets & information retrieval

(define (lookup given-key set-of-records)
(cond ((null? set-of-records) false)
((equal? given-key (key (car set-of-records)))
(car set-of-records) )
(else (lookup given-key (cdr set-of-records)))

))

JEA81) X I (a-list, associative list)
(<EH> . <fEDJARL>)
(<attribute> . <value-list>)

)

(define (assoc given-key set-of-records)
(cond ((null? set-of-records) false)
((equal? given-key (caar set-of-records))
(cdar set-of-records) )
(else (lookup given-key (cdr set-of-records)))

16



L by Bk

(define (lookup given-key set-of-records)
(cond ((null? set-of-records) false)
((equal? given-key (key (car set-of-records)))
(car set-of-records) )
(else (lookup given-key (cdr set-of-records)))))
(define population
' ((China 1285.0 660.5 624.5)
(India 1025.1 528.5 496.6) HHEY X (a-list,
(USA 285.9 141.0 144.9) 0 0 a
(Indonesia 214.8 107.8 107.1) [ESR10I EELNAY/<] list)
(Brazil 172.6 85.2 87.4)
(Pakistan 145.0 74.5 70.5)
(Russia 144.7 67.7 77.0) (<RiE> . <[EDVRF>)
(Bangradesh 140.4 72.3 68.0) (<attribute> . <value-list>)
(Japan 127.1 62.2 65.0)
(Nigeria 116.9 59.0 58.0)
(Mexico 100.4 49.6 50.7) ))

(lookup 'Japan population)

(assoc 'Japan population) = (cdr (lookup 'Japan population)

key OMEFF
1. %

1. #IE(increasing order, ascending order) <
2. [&IIE (decreasing order, descending order) >
2. #ERER (lexicographical order)
. (string=? “PIE” “pie”)

1
2. (string-ci=? “PIE” “pie”)
3.string<?, string<=?,

4

.char=?, char-ci=?, char>?, char>=?,

3. alphanumeric order

&\ &8 : 17 6 B EF#Y)

Eril&. ROET3M:
Ex.2.57, 2.59, 2.60

You Can Do It! DONT PANIC!

17
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1. 1. (0 P

transform-painter
Stratified design (R EE&t)
2.3 Symbolic Data

2.3.2 Symbolic Differentiation
2.3.3 Representing Sets
Sequence Nl 2

uihwnN

[ sditomsa: Ruo2RERDs
®

-
PBomvoos

‘ (4 9 25)

HEBEEFRD4ODELRFHEE
m X LIF(enumerate)

u o jLF(flter)

m E{2(map)

m &# (accumulate) |

|E E &0 ANF (nesting of mapping)

18j<in BHRGIEDEH i,j ITHLT, i+3A8

FRELDEDETRTRDS
n=6N&E
i ‘ 2 3 4 4 5 6 6
j 2 1 3 2 1 5
i+ | 3 5 5 7 7 7 1
TR accurrjulat filter: map:
E & SEEiCan make-pair-
append sum? sum

18



|E list of pairs of integers D{EN7

(accumulate
append
nil
(map
(lambda (i)
(map
(lambda (j) (list i j))
(enumerate-interval
1 (-11))))

(enumerate-interval 1 n) ))

COMUHLRI—VEFRELELTER

(define (flatmap proc seq)
(accumulate append nil (map proc seq)) )

E list of pairs of integers O{EN7%

(define (prime-sum? pair)
(prime? (+ (car pair) (cadr pair)) )

(define (make-pair-sum pair)
(list (car pair) (cadr pair)
(+ (car pair) (cadr pair)) ))

(define (prime-sum-pairs n)
(map make-pair-sum
(filter prime-sum?
(flatmap
(lambda (i)
(map (lambda (j) (list i j))
(enumerate-interval
1 (-11))))

(enumerate-interval 1 n) ))))

E n-queens nADZ EDRFE

E‘ 8-queens
& puzzle

|| <
% £ T
BN tonms
B 5i—3
H—02> N Bhox
Eﬁ N N

Fo#Hx
B T (IFEHOREAST
B BEVCRYEHLEWLKLSIICERE

N

19



|E n-queens DDA :#A LT

(define (permutation s)
(if (null? s)
(list nil)
(flatmap (lambda (x)
(map (lambda (p) (cons x p))
(permutation (remove x s)) ))
s)))
(define (remove item sequence)
(filter (lambda (x) (not (= x item))) sequence) )
(define (safe? k positions)
(null?
(filter
(lambda (x)
(not (or (= (cadr k) (cadr x))
(= (+ (car k) (cadr k))
(+ (car x) (cadr x)) )
(= (- (car k) (cadr k))
(- (car x) (cadr x)) ))))
positions )))
(define (adjoin-position new k rest-of-q)
(filter (lambda (x) (not (= x item))) sequence) )

E n-queens D&

(define (queens n)
(define (queen-cols k)
(if (= k 0)
(list empty-board)
(filter
(lambda (positions)
(safe? k positions) )
(flatmap
(lambda (rest-of-q)
(map (lambda (new-row)
(adjoin-position new-row
k rest-of-q ))
(enumerate-interval 1 n) ))
(queens-cols (- k 1)) ))))
(queens-cols board-size) )

B = : 17 6 A EEF#Y)

Eril&. ROET3M:
Ex.2.57, 2.59, 2.60

1
You Can Do | RSN vos. we Cant
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