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® 1.2.6 Examples: Testing for Primality
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® 1.3.1 Procedures as Arguments

® 1.3.2 Constructing Procedures Using

Lambda
@ 1.3.3 Procedures as General Methods

' Ex.1.108t Ackermann Function
n+1, ifm=0

Ack(m,n) =< Ack(m—11), ifn=0
Ack(m-1,Ack(m,n—1)), otherwise

AckermannB# (X B IR TIXEL

(define (ackermann m n)
(if (= m 0)
(+ n 1)
(if (= n 0)
(ackermann (- m 1) 1)
(ackermann
(-m1)
(ackermann m (- n 1)) ))))




2 BE1:Pyh—<UBREOHE
FHETRDS. ftEBAREEZECL
(trace ackermann) CHELNAERLIRH.

1. (ackermann 0 2)

2. (ackermann 1 2)
3. (ackermann 2 2)
4. (ackermann 3 2)
L THERE
5. (ackermann 0 n) = n+l1 (EHD)
6. (ackermann 1 n) = ? (EfA+H)
7. (ackermann 2 n) = ? (EBAH)
8. (ackermann 3 n) = ? (EBA+H)

BE1:7yh—IVREBOME
(define (ackermann m n)
(if (= m 0)
(+ n 1)
(if (= n 0)
(ackermann (- m 1) 1)
(ackermann (- m 1)
(ackermann m (- n 1))
1. (ackermann 0 n) =
2. (ackermann 1 n) =
3. (ackermann 2 n) =
4. (ackermann 3 n) =
5. (ackermann 4 n) =

|E Order of Growth: £&&

FinE RATYTH AR—R
factorial B(n) O(n)
fact-iter O(n) O()
T—7 L BEE act o) o)
fib O(4") O(n)

fib-iter ®n) o0
F—I L BEESb o) o)

ATY7H (BREFHE) EAR—R (ZHFHEE) N
RGAIREGIRE A HS !




RDE(LED
H#R - ERRICAT -
Ry

+ y=xlog x

-’ Order of Growth
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INERDEE
1. 143L546MTmARLHEERD K.




IE Greatest Common Divisors (&AX2AHIH)

= amod b = r (modulo E|R)ETHE
= GCD(a, b) = GCD(b, r) MREIL,
s 1) YR DERRE
(define (gcd a b)
(if (= b 0)

a
(gcd b (remainder a b)) ))

IE Lame® EE

= GCD(g, b) (t=f=L. b< a) DEEIZkstep LB
5. b> Fib(k)

s HIZIE, GCD(m, n) (f=fzL.n< m) h kstep
MBETBE. 0> Fib(k) = OF/ V5

1 . "
¢p=—(1++5) Fib(n)=
» DFEY RTVTHIE, n O EHIIZIEM,
» O(logn) steps

& NERONE

1. 143L546MDRADHIMERD K.

2. 3TEI>=HRKYH2 (xmod3=2),
5TEI>f=RYM3 (Xxmod 5 =3),
7TE|I>=RYH1 (Xmod7=1),
DI ERIMNEREE x KO L.

3. 3TEI>=HRKYHM1 (Xmod3=1),
5TE|>=RYMN2 (xmod5=2),
7TE[>=RYM3 (xmod 7 =3),
EBEIEERIMNERBE x KO L.




">’ Modularity Calculus(&RI=)
ea=bmodn (congruent modulo n)
famodn& bmodn AELLY]

e (reminder of) x modulo n [X&|&

sa+bmod n
= (amod n + b mod n) mod n

e a*b mod n

= (amod n *b mod n) mod n
e amod (M*n)ITHEAEIREETKRDD
earl=1Imodp ifph KL (prime)

£ Chinese Remainder Theorem

EIIRERR
X = b; (mod d, )
X = b, (mod d, )

X = b, (mod d, )

DBAE. dy, dy . dAEVITKRTHNIE,
n =dd,...d;

ERELT -2 DENH S,

FEon/di=n EBHIE d &En FEVIRTHIND.
n;x =1 (modd,)

DfE X, #RHBEMNTED, ST
X=bynyx;+byn;x, + ... +bnx (modn)

ETNIE. CO X (EHLAHLEDERRET N THET S

£ Chinese Remainder Theorema

X mod 10512

e3*5*7 =105

e x=1 (mod 3)

e x =2 (mod 5)

*x=3 (mod 7)

e 35*%2 =1 (mod 3)

e 21*1 =1 (mod 5)

e 15%1 =1 (mod 7) &Y.

e x mod 105
=1*35%2 +2*21*1+3*15%1 mod 105
=157 mod 105 =52 mod 105




: Chinese Remainder Theorem® %l

2% mod 91 &£ ?
e91=7%*13
e 23=1(mod 7) &Y. 2°0 =1 (mod 7)
e 26=-1 (mod 13) &Y.
284 =1 (mod 13) = 2% =-1 (mod 13)

¢ 13*6 =1 (mod 7)
e 7%2 =1 (mod 13) &Y.

e 290 mod 91 =1*13*6 -1*7*2=64

test: 7OJSLEEREL
1. GCDDOFHmEEET

2. (GCD 120 36) TOtRE
TEET.

3. (GCDmn) DEFEEEEL?

4. GCDOERTFOERIE?
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IE Testing for Primality

(define (smallest-divisor n)
(find-divisor n 2) )

(define (find-devisor n test-divisor)
(cond ((> (square test-divisor) n) n)
((divides? test-divisor n) test-divisor)
(else (find-divisor n
(+ test-divisor 1) )) ))

(define (divides? a b)
(= (remainder b a) 0) )

(define (prime? n)
(= n (smallest-divisor n)) )

Improvement by HGO

(define (smallest-divisor n)
(find-divisor n 3) )

(define (find-devisor n test-divisor)
(cond ((> (square test-divisor) n) n)
((divides? test-divisor n) test-divisor)
(else (find-divisor n
(+ test-divisor 2) )) ))
(define (divides? a b)
(= (remainder b a) 0) )
(define (prime? n)
(if (even? n)
2
(= n (smallest-divisor n)) ))

IE The Fermat Test

ari=1modp if pHAEH (prime) ‘

(define (expmod base exp m)
(cond ((= exp 0) 1)
((even? exp)
(remainder (square (expmod base (/ exp 2) m)) m) )
(else
(remainder (* base (expmod base (- exp 1) m)) m) )

))

(define (fermat-test n)
(define (try-it a)
(= (expmod a n n) a) )
| (try-it (+ 1 (random (- n 1)))[)

(define (fast-prime? n times)
(cond ((= times 0) true)
((fermat-test n) (fast-prime? n (- times 1)))
(else false) ))




E Probabilistic Algorithms (B 7 LT XL

= Carmichael numbers: 561, 1105, 1072, 2465,
a560=a2 alO a16
a?=1 mod 3, al°=1 mod 11, a'®=1 mod 17
= a°%0=1 mod 561 = 3 * 11 * 17
= Fermat’s testld. T5—DHREERIT/NE(TES,
— probabilistic algorithm

, Fermat’s
BRI DA B E
= Algorithn. Wilson’s test test [E+5
pis a prime precisely FEHTIEXAELN
when (p-1)!=-1mod p
BEFHEM

Fermat’s Last Theorem

I have

Xn + yn =7 discovered a
truly remarkable

n>2 TX,y, 248~ EBE proof which this

n

margin Is too

Euler’s Conjecture small to contain.
4 4 4 4
a’+b"+c”" -#d
AN RVAC RSy ot

95800* +217519* + 414560* = 422481*
1987 %R

IE 1.3.1 Procedures as Arguments

(define (sum-integers a b) b
(if (> a b) |
0
(+ a (sum-integers (+ a 1) b)) )) Z
(define (sum-cubes a b) 1=
(if (> a b) b
0 o
(+ (cube a) (sum-cubes (+ a 1) b)) )) Z|3
(define (cube x) (* x x x)) i=a
(define (pi-sum a b)
(if (> a b)
0
(+ (/ 1.0 (* a (+ a 2))) (pi-sum (+ a 4) b)) ))
(define (<name> a b) Zb: 1
(if (> a b) —
0 i=a,i+4 I(I + 2)

(+ (<term> a)
(<name> (<next> a) b)) ))




M 1.3.1 sumZ#Z it

(define (<name> a b)
(if (> a b)

b
0 -
(+ (<term> a) f I
(<name> (<next> a) b)) ))
(define (sum term a next b) - -
(if (> a b) i=a,next(i)
0

(+ (term a)
(sum term (next a)next b)) ))

(define (inc n) (+ n 1))

b
(define (sum-cubes a b) -
(sum cube a inc b) ) E Cube(l) b
(define (identity x) x)

(define (sum-integers a b) |:a9|+1 : ’I

(sum identity a inc b) ) i=a.i+l
>

|E Pi-Sum (Pi/8) M E %
b

> aterm (i)

i=a,znext (i)
(define (pi-sum a b)
(define (pi-term x)
(/1.0 (* x (+ x 2))) )
(define (pi-next x) (+ x 4) )

(sum pi-term a pi-next b) )

IE ¥4 (integral) OFTE A

fj- [J(u+i—')+f(.+d.+%)+j .u+'.ur+%' +---Id:

( Zb: f(i))Ax

i=a,i+ AXx

(define (integral f a b dx)
(define (add-dx x) (+ x dx))
(* (sum £ (+ a (/ dx 2.0)) add-dx b)
dx ))




Ex.1.31 Product&iiZ 1t

b
(define (product term a next b) | I f (I)

(if (> a b) . .
1 i=a,next(i)

(* (term a)

(product term (next a)next b)) b
)) I Ii3
(define (product-cubes a b) X .
(product cube a inc b) ) i=a,i+1

b
(define (product-integers a b) I I |
(product identity a inc b) ) X 4

i=a,i+1

Ex.1.32 Accumulation (5% 5% 1k)

(define (sum term a next b) b
(if (> a b) i
0 Z f (i)
(+ (term a) i=a,next(i)
(sum term (next a) next b)) )
(define (product term a next b)

. b
(if ](-> a b) H f(l)

(* (term a) i=a,next(i)
(product term (next a) next b)) )

(define (<combiner> <name> <term> a <next> b)
(if (> a b)
<null-value>
(<combiner> (<term> a)
(<name> <term> (<next> a) <next> b))

))

AccumulatelZ&k 4 sum, product

(define (accumulate combiner null-value
term a next b)
(if (> a b)
null-value
(combiner (term a)
(accumulate combiner null-value
term (next a) next b ))))

(define (Sum term a next b)
(accumulate + O term a next b) )

(define (product term a next b)
(accumulate * 1 term a next b) )

10
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45 lambda: W& (E&) T

(define (plus4 x) (+ x 4))

(TR (il

(define plus4 (lambda (x) (+ x 4))) *W
5A9°it®|§:;'gl'.3$7.3_ (body)
(lambda (x) + = 4))

| | | | |
the procedure of an argument x that adds x and 4

R51%

(formal

— o parameters)

FLFHXDEH

((lambda (x y z) (+ x y (square z))) 1 2 3)
x=1,y=2, z = 3 ZRA(B#)

12

|m Lambda as anonymous procedure

(lambda (x) (+ x 4)) B (ER) FHie
((lambda (x) (+ x 4)) 5) FHEEA

(define (pi-sum a b) = n
(define (pi-term x) ggg%m
(/1.0 (* x (+ x 2))) ) Pi-term,

(define (pi-next x) (+ x 4) )pypepem
(sum pi-term a pi-next b) )
(define (pi-sum a b)
(sum (lambda (x) (/ 1.0 (* x (+ x 2))
a

(lambda (x) (+ x 4))
b))

11



’ lambda: Anonymous procedure

(define (fact n)
(if (= n 0)
1
(* n (fact (- n 1))) ))

[ERDOA ELF
(define fact
(lambda (n)
(if (= n 0)
1
(* n (fact (- n 1))) )))

IE Using let to create local variables
FOGY) = x(1+xy)* +y(=y)+ A+ xy)(1-Y)

(define (f x y) V=L

(define (f-helper a b)
(+ (* x (square a))

fEEIEH a, b

(* vy b) a=1+xy
(* ab)))
(f-helper b=1-y
(+1 (* xy)) _ya?
-1y ) f(x,y)=xa"+yb+ab

€%’ lambda: Anonymous procedure

(define (fact n)
(if (= n 0)
1
(* n (fact (- n 1))) ))

[ERDXEEA
(define fact
(lambda (n)
(if (= n 0)
1

(* n (fact (- n 1))) )))

12



Lambda as anonymous procedure

(lambda (x) (+ x 4))
((lambda (x) (+ x 4)) 5)

(define (pi-sum a b)
(define (pi-term x)
(/1.0 (* x (+ x2))) )
(define (pi-next x) (+ x 4) )
(sum pi-term a pi-next b) )

(define (pi-sum a b)
(sum (lambda (x) (/ 1.0 (* x (+ x 2))
a
(lambda (x) (+ x 4))
b))

IE 1.3.2 Local Variables with let

(define (f x y) (define (f x y)
(define (f-helper a b) ((lambda (a b)

(+ (* x (square a))
(+ E: ; li)square a)) (* y b)
(* 2 b)) (* ab)))
(£-hel (+1 (* xy))
e per (-1y)))
(+1 (* xy))

(-1y)))
(let ((<v;><e>)

(define (f x y) (<V2> <ez>)
(let ((a (+ 1 (* xy))) N
(b (-1y)))
(+ (* x (square a)) (<Vn> <en>) )
(* y b) <body> )
(*ab) ) SUBYYR Y fi—

IE scope of variables lambdazt~
procedure
(let ((x 7)) application #
Substitution model
(+ (let ((x 3)) -
B TEZ%
(+ x (* x 10)) )
x) )

(let ((x 5))
(let ((x 3)
(y (+ x2)))
(* xy)))




B &= 1151785484

Bk, RDA4RE:
Ex.1.29~1.32.
(Ex.1.30~1.32 [X18E)

EiRRE: Ex.1.33

DONT PANIC!
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