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2 Building Abstractions with Data

1832.2. Hierarchical Data and the
Closure Property (BT —5 & FAE
%)

2.2.1 Representing Sequences (i Uf)

2.3.1 Quote

2.2.2 Hierarchical Structures

2.2.3 Sequences as Conventional
Interfaces

Lisp/Scheme Programming+

1. The First Commandment
Always ask nul 1? as the first question

in expressing any function.

2. The Second Commandment
Use cons to build lists.

3. The Third Commandment
When building a list, describe the first
typical element, and then cons it onto the
natural recursion.

(Friedman, et al. “ The Little Schemer’, MIT Press)




#-cons (VA ) DERBI#

F—45% BT 4B
B 0 (| successor
YyRk | nil, O (Z=YzE) cons
X3 “” (2x®5) | string-append

Closure property (EA&1%) of B#A#, cons, X3

T—5E | B RE RTFxvH
5 0 + zero?
¢ 1 x zero?
JRk nil | cons, car, cdr null?
XFF| | 7 |string-append | null-string?

TUT £, MIT Scheme®

The Fourth Commandment

Always change at least one argument while recurring.
When recurring on a list of atoms, 1at, use (cdr lat).

When recurring on a number, n, use(subl n).
HHETE (- n 1)

When recurring on a list of S-expressions, I, use (car 1) and
(cdr D), if neither (null? 1) and (atom? (car 1)) are

true. LHETIE (not (pair? (car 1)))

It must be changed to be closer to termination. The changing
argument must be tested in the termination condition:

e when using cdr, test termination with nul 1? and
e when using subl, test termination with zero?.

The Fifth Commandment

When building a value with +, always use O

for the value of the terminating line, for
adding O does not change the value of an
addition.

When building a value with *, always use 1
for the value of the terminating line, for
multiplying by 1 does not change the value of
a multiplication.

When building a value with cons, always
consider () for the value of terminating line.




Lisp/Scheme Programming+a&

6. The Sixth Commandment
Simplify only after the function is correct.

7. The Seventh Commandment
Recur on the subparts that are of the same nature
= On the sublists of a list.
= On the subexpressions of an arithmetic expression.

8. The Eighth Commandment
Use help function to abstract from representations.

9. The Ninth Commandment
Abstract common patterns with a new function.

10.The Tenth Commandment
Build functions to collect more than one value at a time.

2.2 Hierachical Data and the
Closure Property (Fi&ai%)

m  Pair (cell) % (&/L)
(cons a b)
® Box-and-pointer notation

B List structure(Backus-Naur Form, BNFEE%)
= FEE JESS

> ::= <null> | (<element> . <element>)

> <element> ::= <name> | <number>

m Closure property (&%) of cons

2.2.1 Representing Sequences
(I=H5YA%H)
Sequence (FI-#TV) 1,2,3,4
(12323

(2] H2] 3| H4 LA

e (cons 1 nil
(cons 2
(cons 3
(cons 4 nil)

D)
o(1l . 2. @. @ .Y
o (list 1 2 3 4)




SequencesEHRDME{L

Sequence (5|-3#U) OFRBDOEHERIL
Q234

(o[ He2[ 3]s A

1. (xxx . nil) =2 (xxx)

2. (XXX - (Yyy " ))20XX yyy *t0)
a.c.@.@.nh)

=>2A-C.C.- M
>12.C. M)
=
=

@a23. G
(1234

SequencesE B OHIEIL (ZD2)

Sequence (§I-3E0) DOERBDOERIL
(L234.5)

(o[ H2[ 3] —{a]5]

1. (xxx . nil) =2 (xxx)

2. Oxx . (yyy ) XX yyy =)
a.q@@.@e.¢.-5

>@2.@. (.5

>(123.(.5)
> (1234 .5)

list-ref by cdring down

(list-ref items n)
if n=0, list-ref is car
otherwise, (n-1)st item of the rest

T M= HE A
(define (list-ref items n)
(if (=n0)
(car items)
(list-ref (cdr items) (- n 1) )))

mcdring down the list (cdr down)
m Tail recursion IZER (BBEIMIC iteration [TZEHR)




length by cdring down

(length items)
if items is null?, length is O
otherwise, 1 + length of the rest

[l He| FHs] {4 7]

(define (length items)
(if (null? items)
0
(+ 1 (length (cdr items))) ))

m (+ (length (cdr items)) 1) &M5&EL!

length : recursion and iteration
versions
(define (length items)

cons up while cdring down
(define (append listl list2) .. )

%l (append O “(a b ¢)) - B2
(a b o) quote
] (append "(1 2) "(a b ©))
(1 2abo

(define (reverse items) .. )
Bl (reverse ()
O
#fl (reverse "(1 2 3 4 5))
(G 4321)
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2.3.1 Quote

2.2.2 Hierarchical Structures

2.2.3 Sequences as Conventional
Interfaces

2.3.1 Quotation

B EHT—2DERBE: quote (51A)
m (define foo (list 'a 'b))

= (a b)
m (define foo '(a b)) EIFEFERLC

2.2.1 YAMREDOHTO quote

(define (list-ref items n) .
1. (list-ref 0 (list 0 1 2))
2. (list-ref 0 "(0 1 2
1
(list-ref 2 (Iist 0 1 2)
(list-ref 2 "(0 1 2)
3

(list-ref 5 (list 0 1 2)
(list-ref 5 "(0 1 2)
O
(define (length items) .. )
1. (length (list 1 2 3))
2. (Iength (1 2 3))
3. 3

©oO~NO O A~W




append & reverse Ol

(append (list 1 2 3) ) (123)
(append (quote (1 2 3)) O) (123)
(append "(1 2 3) O) (123)
(append "(1 2 3) “(5 6 7)) (123567)
(append O "(a b ¢)) (abc)
(reverse "(1 2 3 4 5)) (54321)

(reverse "(ni ku i shi ku tsu u)) )
(u tsu ku shi'i ku ni)

=< KL <25
(reverse “( 3 2 z? L Ly < (9

append by consing up while cdring down

(append listl list2)
if listl is null?, append is list2
otherwise, cons the 1stitem of listl and
append of the rest of listl and list2

(define (append listl list2)
(if (null? listl)
list2
(cons (car listl)
(append (cdr listl) list2)
))))

reverse by consing up while cdring down

(reverse items)
if 1tems is null?, reverse is nil
otherwise, append reverse of the rest of
items and list of the 1stitem of items

(define (reverse items)
(if (null? items)
nil
(append (reverse (cdr items))
(list (car items)) )))




Ex2.27 deep-reverse

(reverse "(1 (2 3) 4 ((56) 7))

WG 6)7n4@3) 1
(deep-reverse "(1 (2 3) 4 ((5 6) 7))

(@7 ®5)462 D

(define (deep-reverse tree)
(cond ((null? tree) nil)
((not (pair? tree)) tree)
(t (append
(deep-reverse (cdr tree))
(list (deep-reverse
(car tree) )))
D))

Ex2.28 fringe

(fringe "(1 (2 3) 4 (5 6) 7))
(1234567)

(define (fringe tree)
(cond ((null? tree) nil)
((not (pair? tree))
(list tree) )
(t (append
(fringe (car tree))
(fringe (cdr tree)) ))
)))

Formal parameter®igE

(define (f x y . z) <body>)
15l (f123456)
Xel, ye2, z& (3456)
(define (g - w) <body>)
i (gl123456)
we (1234506)

(define T (lambda (x y . z)
<body> ))
(define g (lambda w <body>))




Arguments with dotted-tail notation

(define (fF xy . 2)
<body> )

(define (sum . items)
(define (iter items result)
(f (null? items)
result
(iter (cdr items)
(+ result (car items))

R )))
(iter items 0) )
(define (sum . items)
(define (recur items)
(f (null? items)
0

(+ (car items) (recur (cdr items))) ))
(recur items) )

Apply transformation to each element

(define (scale-list items factor)
@f (null? items)
2égns (* (car items) factor)
(scale-list (cdr items) factor) )))
4
(define (map proc items)
(if (null? items)
nil
(cons (proc (car items))
(map proc (cdr items))
D))

(map abs (list -10 2.5 -11.6 17))
= (10 2.5 11.6 17)

(define (scale-list items factor)
(map (lambda (x) (* x factor)) items) ))

Apply transformation to each element

(map (lambda (X y) (+ x (* 2 y)))
(list 1 2 3)

(list 4 5 6) )
= (9 12 15)

B ERYED map (FEo&58H !




Safety factor is six times.

= Suspension bridges® k&t D #l

= John Roebling designed the Brooklyn Bridge
which was built from 1869 to 1883.

He designed the stiffness of the truss on the
Brooklyn Bridge roadway to be six times
what a normal calculation based on known
static and dynamic load would have called
for.

Galloping Gertie of the Tacoma Narrows
Bridge which tore itself apart in a windstorm
in 1940, due to the nonlinearities in
aerodynamic lift on suspension bridges
modeled by the eddy spectrum.

i
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2.2.2 Hierarchical Structures
2.2.3 Sequences as Conventional
Interfaces

2.2.2 Hierarchical Structures

m Tree (K)
(cons (list 1 2) (list 3 4))
(@ 2) 34 G4
l
rr_-a4 .
ST e A
a2

(2] 2 7]

10



2.2.2 Hierarchical Structures

Tree (K) &tiRADHE
(cons (list 1 2) (list 3 4))

(@ 2) 34
.

a2
l

L2 L LA

(o) [

ADEH

@239

(3i 4) | #i(node)

(o) [ |

B (height) : roothbnodeETH) VI8
RKOES: leafDBESDRKIE

AEEDLTHORK

@239
G

(count-leaves <tree>)
(max-height <tree>)

11



count-leaves

(count-leaves Xx)

If x is null?, count-leaves is O

else if x is a leaf (not pair?), count-leavesis 1

otherwise add count-leaves of the car of x and
count-leaves of the cdr of x

(define (count-leaves x)
(cond ((null? x) 0)
((not (pair? x)) 1)
(else (+ (count-leaves (car x))
(count-leaves (cdr x))

))))

max-height

(max-height x)
If x is nul 1?, max-height is O
else if x is a leaf (not pair?), max-heightis 1
otherwise add 1 to max of
max-height of the car of x and
max-height of the cdr of x

(define (max-height x)
(cond ((null? x) 0)
((not (pair? x)) 1)
(else
(+ 1 (max (max-height (car x))
(max-height (cdr x))
))))))

count-leaves * max-height

(define (count-leaves Xx)
(cond ((null? x) 0)
((not (pair? x)) 1)
(else (+ (count-leaves (car x))
(count-leaves (cdr x)) ))

(define (max-height x)
(cond ((null? x) 0)
((not (pair? x)) 1)
(else
(+ 1 (max (max-height (car x))
(max-height (cdr x))
)))))

12



ADER (leaflcfE#MEMIS)

(define (scale-tree tree factor)
(cond ggnull? tree) nil
(e

?ot (pair? treeg) (* tree factor))
se

(cons (scale-tree (car tree) factor)
) (scale-tree (cdr tree) factor)

RELESTFHELXERT dnapZzERTHE:

(define (scale-tree tree factor)

map
(lambda (sub-tree)
Gaf Epair? sub-tree)
scale-tree sub-tree factor)

(* sub-tree factor) ))
tree ))

Ex2.32 powerset

A=(223)
2=((O0O B @O E3 M A3 Ay
123))

(define (powerset a)
(if (null? a)
(list nil)
(let ((rest (powerset (cdr a)))
(append
rest
(map
(lambda (%)
(append (list (car a)) x))
rest )))))

seq: RA1V871—2
m NERDAF2TT—R

m APl (Application Program (234567891011
Interface) \\(i\\\\-’ ) .

B ParameterCM (&L
B T—AEEEA AT —RIZES,
B sequence %;E A
m Bl BEHERDDHD
The Sieve of Eratosthenes
(ZSRRTRADER)

13



FHOFELIT2FLTHNEMS

(define (count-leaves tree)
(cond ((null? tree) 0)
((not (pair? tree)) 1)
(else (+ (count-leaves (car tree))
(count-leaves (cdr tree)) ))

ZEIC, FROELT2RLTHZERS

(define (sum-odd-squares tree)
(cond ((null? tree) 0)
((not (pair? tree))
(if (odd? tree) (square tree) 0) )
(else (+ (sum-odd-squares (car tree))
(sum-odd-squares (cdr tree)) ))
)

even-Fibs @BOFibDYAF
(defi [¢ -fibs n) i
?d(;;:‘ianee\(lﬁgxtlki " 1%&0)1:”30)*[]
if Gk
a gil R 2DDFHED
(let ((f (Fib k)))
(if (even? T)
(cons T (next (+ k 1)))

(next (+ k 1)) ))))
(next 0) )

(define (sum-odd-squares tree)
(cond ((null? tree) 0)
((not (pair? tree))
(if (odd? tree) (square tree) 0) )
(else (+ (sum-odd-squares (car tree))
(sum-odd-squares (cdr tree))

))))

Ex.1.32 AccumulationZB\HZE5

(define (accumulate combiner null-value term a
next b)
(af (G ab)
null-value
(combiner (term a)
(accumulate combiner null-value
term (next a) next b ))))

(define (sum term a next b)

(accumulate + O term a next b) ) b f(i)
(define (product term a next b) :E:
(accumulate * 1 term a next b) ) i=a,next(i)

(define (sum term a next b)

b
if b .
arg e [1f®
(+ (term a) i=a,next(i)
(sum term (next a) next b)) )

14



£ EEORR : RED2RERNS

©
-
s &
8 7
8 1
10
1 =
1 B ]
\ (4 9 25)

HBERERDADDEKRFHE
m % LIF(enumerate)

u ZriL(filter)

m E{%(map)

| #£4#9 (accumulate) ‘

AODEFFHENBEHEE

(define (sum-odd-squares tree)
(cond ((null? tree) 0)
((not (pair? tree))
(if (odd? tree) (square tree) 0) )
(else (+ (sum-odd-squares (car tree))
(sum-odd-squares (cdr tree))

)))))
enume _ filter: map:
rate: — i
’ odd? square
Tree, |
leaves

AODEFFHENBEHEE

(define (even-fibs n)
(define (next k)
(if G kn)
nil
(let ((f (fib k)))
(if (even? T)

(cons T (next (+ k 1)))
(next (+ k 1)) 1))

(next 0) )
enume map: fifter:
rate: g '
fib even?
intege
rs

15



AOOEEFHEETOUS L

(map square (list 1 2 3 4 5))
=

(define (Ffilter predicate sequence)
(cond ((null? sequence) nil)
((predicate (car sequence))
(cons (car sequence)
(filter predicate
(cdr sequence)) ))
(else (filter predicate

(cdr sequence))) ))

(Filter odd? (list 1 2 3 4 5))
=

AONEXFHEETOYS L (8)

(define (accumulate op initial sequence)
(if (null? sequence)
initial
(op (car sequence)
(accumulate op initial

(cdr sequence) ))))

(accumulate + 0 (list 1 2 3 4 5))
=

(accumulate * 1 (list 1 2 3 4 5))
=

(accumulate cons nil (list 1 2 3 4 5))
=

AOOEXFHEETOYS L (8)

BEOHVOHZLIF (enumerate): eg. even-fibs

(define (enumerate-interval low high)
(if (> low high)
nil
(cons low
(enumerate-interval
(+ low 1)
high ))))

(enumerate-interval 2 7)
=>

(accumulate * 1 (enumerate-interval 1 5))
=

(accumulate + 0 (enumerate-interval 1 5))
=

16



AODEXFHEETOT5 L (8)

AKDO¥Z E(F(enumerate): eg. even-Fibs

(define (enumerate-tree tree)
(cond ((null? tree) nil)
((not (pair? tree)) (list tree))
(else (append
(enumerate-tree (car tree))
(enumerate-tree (cdr tree))

D)

(enumerate-tree
(list 1 (list 2 (list 3 4)) 5) )

=
ONEXFREEZHE->TI/OYSL
enume fllter map: accum
rate: od 4> square ulate:
tree +,0
(define (sum-odd-squares tree)
(accumulate
+
0
(map
square
(filter
odd?

(enumerate-tree tree) ))))

AODEXFHREMETIOTISL

enume map:
rate: -
fib
intege

rs

(define (even-fibs n)
(accumulate
cons
nil
(Filter
even?
(map
fib
(enumerate-interval 0 n) ))))

17



PIfE: list-fib-squares

enume map: map:
55 fib square

intege
rs
(define (list-fib-squares n)
(accumulate
cons
nil
(map
square
(map
fib

(enumerate-interval 0 n) ))))

product-of-squares-of-odd-elements

enume filter: map:
-rate: Oddr) square

square
(Filter odd? seq) )))

(product-of-squares-of-odd-elements
(list 1 23 45) ) =

salary-of-highest-paid-programmer

enume Hiter: map:
rate: HEHCE, salary
record Hammer
s : ?
(define (salary of-highest-paid-programmer
records )
(accumulate
max
0
(map
salary

(Filter programmer? records) )))
T—AR—RELVAEDE (query) BEEEDRE

18



Ex2.33 Using accumulate

(define (my-map p sequence)
(accumulate
(lambda (x y) (cons (p X) y))
nil

sequence ))

(define (my-append seql seq2)
(accumulate cons seq2 seql) )

(define (my-length sequence)
(accumulate
(lambda (x y)

Gaf (ull? x)y (+1y)))

sequence ))

Horner's rule (Horner® 75 i%)

ax"+a X"'+..+ax+a, #EHEITBHNDIC
(..(ax+a, )x+..+a)x+a, +tZEHTS

coefficient-sequence: (&, .. aga, a; ay)
(define (horner-eval x coefficient-sequence)
(accumulate
(lambda (this-coeff higher-term)
(+ (* higher-term x) this-coeff) )
coefficient-sequence ))
(horner-eval 2 (list 1 3 05 0 1))

= 225

E &0 ANF (nesting of mapping)

1Sji<isn BAHRGHEDEH i,j ITHLT, i+jHt

FRELEREDETRTRDS

n=6MN&E
i 2 3 4 4 5 6 6
j ‘ 2 1 3 2 5
i+ | 3 5 5 7 7 7 1

filtek: .
enumerate — accurT]uIat T map: —
 interval € FHEHAS T make-pair-
> p
append Sum? sum

enum | an

erate .

interv || integ
al er

19



list of pairs of integers D{EN7

(accumulate
append
nil
(map
(lambda (1)
(map
(lambda () (list i j))
(enumerate-interval
111

(enumerate-interval 1 n) ))

COMUHL -V EFiRmEELTER

(define (flatmap proc seq)
(accumulate append nil (map proc seq)) )

list of pairs of integers D{EN7F

(define (prime-sum? pair)
(prime? (+ (car pair) (cadr pair)) )

(define (make-pair-sum pair)
(list (car pair) (cadr pair)
(+ (car pair) (cadr pair)) ))

(define (prime-sum-pairs n)
(map make-pair-sum
(filter prime-sum?
(flatmap
(lambda (i)
(map (lambda () (list i j))
(enumerate-interval
) 1(- i 1))
(enumerate-interval 1 n) ))))

n-queens n AN EDE

8-queens
puzzle

riE: IR
= amm THOREZE
hN—93%
- N RIPMDOXK
~ ~ Fo#IX
n ZEEFHOREAT

B BEVICRYEDLEVKIICEE

20



n-queens DD : WA LIT

(define (permutation s)
(if (null? s)
(list nil)
(flatmap (lambda (x)
(map (lambda (p) (cons x p))
(permutation (remove x s)) ))
s )

(define (remove item sequence)
(filter (lambda (x) (not (= x item))) sequence) )
(define (safe? k positions)
(null?
(filter
(lambda (x)
(not (or (= (cadr k) (cadr x))
= (car k) (cadr k))
(+ (car x) (cadr x)) )
(= (- (car k) (cadr k))
(- (car x) (cadr x)) ))))

~
+

positions )))
(define (adjoin-position new k rest-of-q)
(filter (lambda (x) (not (= x item))) sequence) )

n-queens O# &

(define (queens n)
(define (queen-cols k)
(if =k 0)
(list empty-board)
(filter
(lambda (positions)
(safe? k positions) )
(flatmap
(lambda (rest-of-q)
(map (lambda (new-row)
(adjoin-position new-row
k rest-of-q ))
(enumerate-interval 1 n) ))
(queens-cols (- k 1)) ))))
(queens-cols board-size) )
queen-cols returns the sequence of all ways to place queens
in the first k columns of the board.

BE:12A228 EF&Y)

» ADDEERFHROEASFZER
EREX. RD3RE:
Ex.2.33, 2.34, 2.35.
« BEETERE 2.42 (n-queens)
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